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TDC (CBCS) 0dd Semester Exam., 2022

MATHEMATICS

( Honours )
( 5th Semester )
Course No. : MTMHCC-501T
( Topology )

Full Marks : 70
Pass Marks : 28

Time : 3 hours

The figures in the margin indicate full marks
for the questions

UNIT—I

1. Answer any two of the following questions :v
2x2=4

(a) * Let (X, d) be a metric space and x, y, 2
be any three points of X. Then prove

that d(x y) 2|d(x 2)-d(z y)|.

(b) Let (X,d) be a discrete metric space.
Describe open sets for d. :

(c) Prove that in a metric space (X, d), for
A Bc X, AUB=AUB.
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2. Answer any one of the following questions : 10

(@) (i) Let (X, d) be a metric space and let

d* : X xX — R be defined by
T Y= g
Prove that (X, d") is a metric space. 5
(ii) Let (X, d) be a metric space a.nd

A c X. Prove that int A, the interior
of A, is the largest open set
contained in A.

(b) (i) Let (X,d) be a metric space m:ld
let {G; :1<i<n n<e)} be a finite
collection of closed sets in X. Prove

n

that  JG; is also a closed set in X.
i=1

Give an example to show that union

of an infinite collection of closed
sets in a metric space is not
necessarily closed. 3+2=5
(ii) Prove that a subset A of a metric
space X is closed iff it contains

all its limit points.

S

UN”‘—?"
3. Answer any two of the following questions :
2x2=4
(a) Define a Cauchy sequence in a metric
space (X, d) and give an example.
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(b) Define a complete metric space. Give
an example of a metric space which

is not complete.

(c) Prove that if a Cauchy sequence in
a metric space has a convergent
subsequence, then the sequence is
convergent.

4, Answer any one of the following questions : 10

(a) (i) Let (X,d) be a metric space and
let Y be a subspace of X. Prove that
Y with the induced metric d|Y is
complete iff Y is closed in (X, d). S

(ii) Let (X,d) and (Y,p) be metric
spaces. Prove that a function
f:X > Y is continuous at x, € X if
and only if for every sequence (x,)
in X converging to x4, the sequence
(flxp)) in Y converges to f(xg). 5

(b) () Let C[0,1] be the set of all the
real-valued continuous functions
defined on [0,1. Prove that
(C[0,1],d) is a complete metric
space, where d is defined as

d(f, 9= sup |flx)-g(d|. ¥ f, ge C0,1]
x€(0, 1]
S
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(4) (15 )
(i) Let X and Y be metric spaC:S ?1;1 6. Answer any one of the following questions : 10
-empty subset of X. ]
i?:fA b; ga ar:-:r::onti]:luous functions (@) (i) Let T be the collec;lon of tysubsets
> = isting of empty set ¢
3 t fl)=gx) of N consisting

of X into ¥ such t:lhzt ';((x;=g(x), and all subsets of the form

vV xeA, then prove & G ={m, ML AR ), meN.

V xe A.

Show that T is a topology on N.
What are the open sets

containing 5? 4+1=5
. ite topology on an
C ] _ (ii Define cofini
s8] infinite set X and prove that it is
i in fact a topology on X. 1+4=5
llowing questions :
5. Answer any two of the following Bz
i : here A is an index
i ce, where (b) (i) Let {T,: A€ A}, Wi
(@) Let (X, 1) be a to(x;ologlfé{‘lq), s{;:; (bc, X} set, be a collection of topologies
X ={a b c} lan d s:::t—s in X.’ on X. Prove that (|{t,:A € A} is also
Find 'all he close a topology on X. Is the union of
let . two topologies on a set is always
Let X be any non-empty set and :
“ T={¢ A, B, X}, where A and B are a topology on X? Justify. 3+2=5
non-empty distinct proper subsets of X.
Find for what conditions A and B n;ust (ii) Define discrete and indiscrete
satisfy in order that T may be a topology topological spaces. Give an example
for X. of a topological space other than
() In the topological space R, u), where u jche d%screte and indiscrete spaces
is the usual topology on R, prove that in which open sets are .exactly same
every open interval is an open set. as the closed sets with complete
justification. 2+3=5
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UNIT—IV

7. Answer any two of the following questions :

(a)

()

(c)

2x2=4

Define a Hausdorff space and give an
example.

Let A and B be two subsets of
a topological space X. If Ac B, then
prove that D(A)c D(B), where D(A)
represents the derived set of A.

Find the interior, exterior and boundary
of the set (0, 1) in (R, u), where u is the
usual topology on R.

8. Answer any one of the following questions :

(a)
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(i) Prove that every metric d on
a non-empty set X induces a
topology t; on X. Give an
example of a topological space
with justification which is not
metrizable.

(ii) Show that every diécrete topological
space is Hausdorff. Give an
example of a Hausdorff space which

10

3+2=5

is not discrete. 4+1=5

( Continued )
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(b) (i) If A is a subset of a topological
space, then prove that A = AuD(4). 5

(ii) Let (X,t) be a topological space
and let A be a subset of X. Prove
that A is the smallest closed set
containing A. 5

UNIT—V

9. Answer any two of the following questions :
2x2=4
(a) Define a convergent sequence in
a topological space. Give an example
of a sequence in a topological space
which has multiple limits.

(b) Define a continuous function from
a topological space (X, 1;) to another
topolegical space (Y, 15).

(c) Prove that a function from a discrete
Space to any topological space is
continuous.

10. Answer any one of the following questions : 10

(a) (i) Let T denote the discrete topology
on a non-empty set X. Show
that a sequence (x,) in (X, 1) is
convergent iff there exists xp5e X
and there exists Ne N such that
X, =XoV n=N. )
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(i) Prove that a function f  from
a topological space X into another
topological space Y _i_s__(_:ontinuous
if and only if f(A)c f(4), for every
Ac X. 5

() () Let 1, and u denote the cofinite
topology and the usual topology
respectively on R. Show that the

function i:(R,u)— [®, 1) given by
i(x) = xV xe R, is continuous. 5

(ii) Prove that in a Hausdorff space,
a convergent sequence has unique
limit. ‘ : 5
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