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TDC (CBCS) Even Semester Exam., 2022

MATHEMATICS
( Honours )
( 4th Semester )
Course No. : MTMHCC-403T
( Ring Theory )

- Full Marks : 70
Pass Marks : 28

Time : 3 hours

The figures in the margin indicate full marks
for the questions

SECTION—A

Answer any ten of the following lquestions .

1. Give example, with brief justification, of a
non-commutative ring with unity.

2. Let R be a ring and a€ R. Show that
a-0=0-a=0

where 0O is the additive identity in R.
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ain. Give one example of

" an integr .
an integ . v+ ideal of a TINg.

If an ideal Jof 8 70

5.
that I=R.

‘me i dBisa maximal ideal

is a prime ideal an ; .
- ?f lz cfmmutative ring R with uru.ty, %hat
can you conclude about the factor rings R / A

and R/B?

7. Define ring homomorphism.

rphism. Show

8. Let ¢:R—>Sbearing homomo ‘
that if R is commutative, then o¢(R) is

commutative.

g homomorphism. Is the

9. Define kernel of a rin
always

kernel of any ring homomorphism
non-empty? Justify.

10. Consider the elements f(x)= 2x3 +x% +x+2
and g(x) =2x% +2x+1 in the polynomial ring
Z4[x). Compute f(x)+g(x) and f(x)- g(x).

11. State division algorithm in ial ri
ol
over a field. PrReE
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12. Define Euclidean domain.

13. Deﬁne- irreducible polynomial in D[x] where D
is an integral domain.

Give ex-ample, with justification, of a
polynomial that is irreducible over Q but
reducible over R.

14.

15. State Eisenstein’s criterion of irreducibility.

SECTION—B

Answer any five of the following questions : 10x5=50

how that the set of all even integers

ddition and multi-

s it
4+1=5

16. (a) S
under ordinary a
plication is a commutative ring. Doe

have unity? Justify.

(b) Show that a non-empty subset S of a
ring R is a sub-ring if S is closed under
subtraction and multiplication, i.e., if

a—beRandabeRwherevera,beR. 5

Show that every finite integral domain is
a field. Give example of an integral
domain that is not a field. 4+1=5

(b) Show that the nilpotent elements of a
commutative ring form a sub-ring. Is the
result true for non-commutative ring?

17. (a)

4+1=5
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s Of a ring R, show
_{atbla€ Abe B}

tative ring with unit'y
P o c9deal of R. Show thatj'?/A 5
and'AtbgCr;F :iomain if and only if A is
an int€
prime.
mutative ring with unity
19. (a) Let Rbea cox; et Ay

and let A e is an ideal of R

<a>={rdre€ |

s a commutative ring with unity and

i g Ifslsan ideal of R, show thaF R/Ais a
commutative ring with unity. Under
what condition on 4 will R / A be a field?

20. (a) Let 9:R—>Sbe a ring homomorphism.
Show that ¢ is an isomorphism if and
only if ¢is onto and ker ¢ = {O}.
) Let fiR—>Sbea ring homomorphism.
Show that R/ ker f is isomorphic to f(R).

21. (a) Show that the kernel of a ring
h.omomorphism is an ideal of the domain

ring.
(b) Let A and B be ideals of a ring R with
BcC A. Show that A/B is an ideal of
ﬁ;i and (R/B)/(R/4) is isomorphic to
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23.

25.

(@)

(b)

(@)

(b)

(@)

(b) Let
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Sh-ou{ that every Euclidean domain is a
principal ideal domain. 5

Show that in a principal ideal domain,
an element is irreducible if and only if it
is prime.

If F is a field, show that F[x] is a
principal ideal domain.

Let D be an integral domain. Show

that the relation a~b iff a and b
are associates, is an equivalence relation

on D.

Show that in an integral domain, the
product of an irreducible and a unit is

irreducible.

Show that the ring
ZJ-5]= {a+bJ=5|a be Z)

is not a UFD.

For any prime p, show that the p-th

cyclotomic polynomial
p_

XF =1 _ o pl i xP 24k x+l
x—1

¢p(x)=

is irreducible over Q.

F be a field and let aecF be a

non-zero element. If f(x+ a)is irreducible
s irreducible

over F, prove that flo i
over F. 5
* % K
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