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TDC (CBCS) Odd Semester Exam., 2022
MATHEMATICS
( Honouré )
( 3rd Semester )
Course No. : MTMHCC-301T

( Theory of Real Functions )

' Full Marks : 70
Pass Marks : 28

Time : 3 hours

The figures in the margin indicate full marks
for the questions

UNIT—I

1. Answer any two of the following questions :
2x2=4

(a) Show that
) ) ( 1)
lim sin| —
x—0 x
does not exist in R.
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(2)

(b) Using squeeze theorem, show that

lim (msx‘l) =0
x—=0 X

(c) Give examples of functions fand g su.ch
that fand g do not have limits at a point

¢, but such that both f +g and fg have
limits at c.

Answer either Q.No. 2. or 3. :

2. (@ LetA(¢cR,let f:A—>RandletceR
be a cluster point of A. If lim f exists,

XxX—=C
and if |f| denotes the function defined
for xe A by |f|(x):=|f(x¥)|, prove that

lim | f|=
x—c

lim f ’
x—c

(b) Let f: A—R and let c be a cluster point
of A. Then prove that the following are
equivalent : 5

() lim f=L
X—cC

(ii) For every sequence (x,) in A that
converges to ¢ such that x, #c for

all neN, the sequence (f(x,))
converges to L

J23/228 ( Continued )

3. (a

(b)
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(3)

Let ACR, let f,, g, h:ASR and
let ceR be a cluster point ofA.
If f(X)Sg)<h(d, for all xe A, xzc
and if .

lim f =L =lim h

xX—=C! X-c

then prove that
lim g=L"
xX—=c
Let ¢#ACR, let f,g: A>R and let
ce R be a cluster point of A. Suppose

that f(x) < g(x) for all xe A, x # c. Prove
that

() if lim f =, then lim g =oco-
X—=C X—=cC

(ii) if lim g = —oo, then lim f = -
xX—=C X—=c

UNIT—II

4. Answer any two of the following questions :

(a)

(b)
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2x2=4

Give examples of two functions fand g
on R such that fis continuous at every

point of R and g is not continuous at
any point of R.

Give an example of a function
f:[0,]] >R that is discontinuous at
every point of [0, 1] but such that |f|is
continuous on [0, 1].
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(4)

(c) Let F:R—>R be a'function defined by

5 , for x=_0
F(x):={x'sm(§.), for x#0
X

Show that F is not continuous at x = 0.

Answer either Q.No. 5. or 6. :

f and g be functions on A
to R. Suppose that ce 4 and that fand
g are continuous at ¢. Prove that f+g

_ and fg are continuous at c

(b) Let I:=[aq b] be a closed bounded
interval and let f: I— R be continuous

on I Prove that f has an absolute
maximum and an absolute minimum

on L

5. (@ LetAcR,let

Let I =[q, b] be a closed bounded interval
and let f: I— R be continuous on LIf
ke R is any number satisfying

inf f () Sk <supf(}

then prove that there exists a number
ce I such that f(d=k.

6. (a)

(b) Let I be an interval and let f:I->R be
continuous on.I Prove that the set f (I)

is an interval. _
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UNIT—III

7. Answer any twoof the following questions :

2x2=4

(a) If f: I > R has a derivative at ce I, then
prove that fis continuous at c.

(b) Suppose that f: R >R is differentiable
at ¢ and that f(c)=0. Show that
g =lf(x)| is differentiable at c if

f’(@=0.

(c) Prove that e* >1+x for xe R.

Answer either Q.No. 8. or 9. :

8. (a) Let Ic R be an interval, let ce I and let
f:I—>Rand g: I— R be functions that
are differentiable at c. Prove that the
functions of and f + g are differentiable
at ¢ and

@) (@ =af’( and (f+g)'(©)=f"()+g’(0

where o € R.
(b) State and prove Caratheodory’s
theorem. S5
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(6) ~ i (7)
9. (a) Sluppos‘e that f is continuous on a (b) Show that if fis continuous on 0, o) and
§°§ed interval I'=[q, b] and that fhas a uniformly continuous on [q, =), for some
[derivative in the open interval (q, b). positive constant q, then f is uniformly
Thfan prove that there exists at least one continuous on [0, ). 5
point c in (g, b) such that 12
- (a) Show th i :
FO-f@=70 b-a s (a) v 1o at the function f:(0,1)—-R
(b) State and prove Darboux’s theorem. 5 » 1
f= xsin—, x=#0
: x
UNIT—IV 0 ., x=0
10. Answer any two of the following questions : is uniformly continuous. 5
2x2=4 (b) If f: A— Ris a Lipschitz function, then
@ . 1 . prove that fis uniformly continuous on
Show that  the function f(x)= il : A. Give an example with justification
uniformly continuous on  the set that a uniforml.y co?tinuous. function
A =|[q, ), where ais a positive constant. mzy not be = Lipachitz function. IS
(b) If fis uniformly continuous on Ac R
and |f (%) |2k > O for all x € A, show that U=y
— is uniformly continuous on A. 13. Answer any two of the following questions :
S 2x2m4
c) ' Define Lipschitz nction an ve an ‘ a efine a convex ction an ive an
(c) = Define Lipschitz functi d gi ‘ (@) Defi fun d gi
example. \ example.
i ) (b) Show that
Answer either Q.No. 11, or 12. : |
V7Y ctanlv-tanlu< 2=
11. (a) Let I be a closed bounded interval and 1+02 1+u?
let f: I—> R be continuous on I Then 10
prove that f is uniformly continuous b
on IL 5 (c) Expand sin xin ascending powers of x.
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( 8)

Answer either Q.No. 14. or 15. :

14. (a) State and prove Taylor’s theorem with
. the Lagrange’s form of remainder. 5

(b) ‘ Show that

1 (1 x2 3 4
ogll+x)=x-"—+——-——+--
g ) W

for -1<x<1l | S

15. (a) State and prove Cauchy’s mean value
theorem. _ S

(b) Prove or disprove : For every
differentiable function f : R » R and for
every xg € R there exist q be R with
a < xg <b such that

’ _f-f |

f(xo) = Py =
* % %
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