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TDC (CBCS) Odd Semester Exam., 2021
held in March, 2022

MATHEMATICS

‘( 3rd Semester )
Course No. : MATHCC-301T

( Theory of Real Functions )

Full Marks : 70
Pass Marks : 28

Time : 3 hours
The figures in the margin indicate full marks

Jor the questions

SECTION—A

Answer any ten of the following questions : 2x10=20

1. Show that lim l, x >0 does not exist.
x—0 x

2. Uéing squeeze theorem, show that

lim (xsinl) =[)
x—0 X))

3. Show that lim i = oo
x—0 x2
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10.

11.
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(2)

:+orion for continuity
ential criter1or .
State the sequeé
petion f ° R — Rdefined by

t the fu .
S 1, if xis rational

flx= { 0, if x is irrational

i f R
is not continuous at any point o

cﬁon f:R— R defined by

the fun .
Show that ntinuous at every point

flo=xl, xeRis co
of R.

Let IcR and f: I—> R has a derivative at
cel %hén prove that f is continuous at c.

Show that the function
x"’sin% , forx#0
f0a= 0 , forx=0

is differentiable at all x € R
Show that —x <sinx < x, for all x=0.

Define uniformly continuous function and

give an example.

Show that if a function f is uniformly
continuous on AC R, then it is continuous

on A.

( Continue

12.

13.

14.
15.

Answer any five of the following questions :

16.
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Define Lipschitz function and give an
example.

sina —sinfB
cosf —cosa.

Show  that =cotf, where

T
O<o<B<B< 9 by using Cauchy’s mean
value theorem.

Define a convex function.

Expand cosx in ascending powers of x.

SECTION—B

10x5=50

(@) Let ACR, ceR is a cluster point of A

and f : A — R be a function. Define limit
of fat c. Further show that if f: A > R
and c is a cluster point of A, then fcan
have at the most one limit at c. 1+4=5

() fAcRand f: A— Rhas limit atce R,

then show that f is bounded on some

neighbourhood of c. 5
17 (a) Let ACR, fand g be functions on A to R
and ce R be a cluster point of A. If
lim f =L and lim g = M, then prove that
X—cC X—=C
lim(f+g)=L+M 5
X—=cC
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(b)

18. (a)

(b)

19. (a)

(b)
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(4)
ueeze theorem ox;1 litm1ts, Using
i, thal
fct:.tt:eze theoreil, show

. (sin x) _1 %
LT

R, let f: AR and let 1f] be

t Ack,

. for x€ A. Prove
|69 :=1f ]
dlfﬁtn ?;1 }) }i,s!fcontinuous on A, then |f|
tha

;s also continuous on A. ?how with an
. ample that if | f | is continuous, then f
ex

may not be continuous. ;

f:A> R be continuous

let
Let 4, BeR, R be continuous

dlet g:B—
02 Aé m;f flacB, then prove -that
(0) . &=

the composite function gof: A— R is
continuous on A.

Let I:=[a,b] be a closed bounded
interval and let f: I — R be continuous
on I Prove that fis bounded on I

Let I be an interval and let f: I — R be
continuous on L If @, be I and if k€ R
satisfies f(a) < k < f(b), then prove that
there exists a point ¢ € I between a and b
such that f(c) = k.

( Continued}

20. (a) Let ¢ be an

(b)
21. (a)
(b)
22. (a)
(b)
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interior point of an
interval I at which f:I->R has a
relative extremum. If the derivative of f
at c exists, then prove that f’(c)=0. 5

Let f be a continuous function on
the closed interval I =[a, b] and that fis
differentiable on the open interval (a, b)
and that f’(x)=0 for xe(a, b). Then
prove that fis constant on I. S

State and prove Darboux’s theorem. 1+4=5

Let Ic R be an interval, let ce I and let
f:iI—>Rand g: I— R be two functions
that are differentiable at c. Then prove
that the function fg is differentiable at ¢

and (fg)’(9) = f'(A) g(@) + f(D g’ (0 S

Prove that if f:A >R is a Lipschitz
function, then fis uniformly continuous
on A. Give an example to show that
a uniformly continuous function may
not be a Lipschitz function with
justification. 3+2=5

Prove that if f:A SR is uniformly
continuous on a subset A of R and if (x,, )
is a Cauchy sequence in A, then (flxen))
is a Cauchy sequence in R. 5
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23. (a) Let Ibe a closed bounded interval 4y q
let f:I—>R be continuous on I The,
prove that fis uniformly continuous op I

(b) Prove that a function f is uniformly
continuous on the interval (a, b) if ap d
only if it can be defined at the enq
points a and b such that the extendeq
function is continuous on [a, b. :

24. (a) State and prove Cauchy’s mean value
theorem. 5

(b) Show that
m(m—1) 2+
21
m(m-1)(m-2) 3
3!

L+x)™ =1+mx+

+ .- for |x| <1 5

25. (a) State and prove Taylor’s theorem with

the Lagrange form of the remainder. g

(b) Show that 1——;-x2 <cosx for all xeR

using Taylor’s theorem. A
* % K
o)
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