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TDC (CBCS) Odd Semester Exam., 2019

MATHEMATICS

( 3rd Semester )

Course No. : MTMHCC-301T
( Theory of Real Functions )

Full Marks : 70
Pass Marks : 28

Time : 3 hours

@ The figures in the margin indicate full marks
% for the questions <<
UNIT—I <
1. Answer any two of the following questions :
2x2=4
(a) If Lt f(x)=1 then prove that
xX—cC
Lt [f(I=I]
‘ xX—C
(b) Prove that
‘ 1
n‘ Lt xT% = 1
| x—1 e
i
(c) State sequential criterion for limits.
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2. Answer either [(a) and (b)] or [(c) and (d)] :

(@) If

x%sin? x
x_sin X

lim ———
x=0 sinx

where a b ce R—{0} exist and hag
non-zero values,
at+b=c

®) ([ flysgx)shlx) in a certain
neighbourhood of the point ¢ and

Lt f(x)=1= Lt h(x)
X=C xX=c
then prove that
Lt glx) =1
XxX—=c

(ii) Prove that the limit of a function,
if it exists, is unique.

(0 If
Lt fl)and Lt g(x
exist finitely, then ;Zie that
L U@ g} = Lt f(9- Lt gl
(d) (i) Evaluate :

Lt xl:l]
x—>3‘-+ x

2
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then show that
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(ii) Using definition of limit, show that

Lt x2 sinl =0
x—0 X

UNIT—II

3. Answer any two of the following questions :

(@)

2x2=4

Give an example of a bounded function

its domain.

which is discontinuous at every point of

()’ What must be the value of f(0) so that
() = (x+1)°* - becomes ' continuous

at x=0?

(c) Define the following terms :

(i) Removable discontinuity
(ii) Discontinuity of first kind

4. Answer either [(a) and ()] or [(c) and (d)] :

Prove that a function f defined on an
interval I is continuous at a point cin I
if and only if for any sequence <c, >inJ

(@)

20J/1208

converging to c the sequenc
converging to f(o), i.e.,
cn = c=(flcp)) > f(0)

as n — oo,

e (flcn))
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(b)  Show that the function
. f(X)=le+lx-1|+|x—2l
is continuous at points x = 012 5
(c) State and prove intermediate valye
theorem. - 4
(d) (i) Show that the function f defined
on R
1, if xis rational |
flx= s e T
0, if xisirrational ]
{
\

is discontinuous at every point. 3
(ii)  Show that the function f defined as

flx)=x-[x], where [x] denotes

the integral part of x is discon-

tinuous for all integral values of x. 3

UNIT—III
5. Answer any two of the following : 2x2=4
(@) State Rolle’s theorem.
(b) State Darboux’s theorem.

(c) Let f and g be two functions with the ‘
same domain D. Give an example to
show that if fg is derivable at CeD
then f and g are not necessarily so at C.’
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6. Answer either [(@) and (b)] or [(c) and (d]] :

(a) State and prove Carathéodory’s
4

theorem.

(b)) (i) Show that the function f(x)= x|x|
is derivable at origin.

(ii) Suppose f ‘and g are continuous in
[ b] and differentiable on (@ b). If
f9=9g'(x) Vxe (a D) then prove
that there exists a constant K such
that f=g+kon[q b), ie., fand g
differ by a constant on [q, b].

(c) A function f is defined on R as follows :
1

-

X - x,

i(eT_—e__)’ x#0
ex+e *

0 x=0

Find Lf’(0) and Rf’(0). Is f derivable at
x=0?

flx=

(d (i) If a function f is derivable at a
point ¢ and f(c) #0, then show that

function i is also derivable at c and

YA e —fd
(f)(c) {(flo)}? 3
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7. Answer any two of the following :

(a)

(b)

(c

(6)
(ii) Prove that, if
N TR Sk IR
n+l n 2+ay,
where ag, q), ', Gp-1» @n &€ Teal

numbers, then the equation
apx" +ax" M et a1 x+ay, =0

has at least one real root between

0 and 1. 3

UNIT—IV

2x2=4
Define uniform continuity of a function

in a domain.

Prove that f(x)=sinx is uniformly
continuous on R.

Define Lipschitz’s function.

8. Answer either [(a) and (b)] or [(c) and (d)] :

(@

(b)

Provt: that a function which is

f:otnun;lxous in a closed and bounded

mnterval [g b] is uniformly conti

: t

o y continuous .

g _Sf b A—>Ris uniformly continuous on
ubset A on R and if (xn) is a Cauchy

sequence in A, then
» prove that i
a Cauchy sequence in R. (fben ) is 5
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(c) (i) Show that the function
f)=x?2V¥xeR

is uniformly continuous on [-1, 1]
but not in R.

(i) If f:A— R is a Lipschitz function,
then f is uniformly continuous
on A.

(d) Show that the function f defined as

.1
sin—, x#0

fy={" x

0O, x=0

is not uniformly continuous on [0, <.

UNIT—V

Answer any two of the following :
(a) State Maclaurin’s theorem  with
Lagrange’s form of remainder.

(b) State Cauchy’s mean value theorem.

() Suppose f is continuous on [a B
and differentiable on (a b),
f'x)=0Vxe(a b

then show that f is constant on [a, b].

3

3

4

2x2=4
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10. Answer either [(a) and (b)] or [(c) and (d]] :

(a)

(b)

()

(d)

20J—280/1208

Using Cauchy’s mean value theorem for
the functions f(x)=e”* and g(x)=e™*

show that there exists a point ¢ in (a, b)
such that c¢ is the arithmetiq mean

~ between a and b.

State and prove Taylor’s theorem with
Lagrange’s form of remainder.

If f” is continuous at x = a, then show
that '

Lt
h—-0

[f(a+h)—2}{£a)+f(a-h)J .

() Using Taylor theorem, show that

x®
x——6—<smx<x, for x>0

(i) Explain why v/x and x°/2 cannot be
expanded in Maclaurin’s infinite
series.
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