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SECTION—A

Answer any ten of the following questions : 2x10=20

1. Define bounded metric space and give an
example.

\/2./Show that in a discrete metric space every
set is open. | - Ay

3. Let X be a metric space and let G be an open
set in X. Prove that GN A =¢ if and only if

GN A = ¢
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Show that every convergent sequence in a
metric space is a Cauchy sequence.

/' Give an example of a metric space which is
ot complete. '
\//Deﬁne continuity of a function in metric
space.

. Define a topological space and give an
example.

\/Deﬁne discrete and indiscrete topologies.
. Write two distinct topologies on X ={q, b, ¢}.
. Define metrizable space.

11. Show with an example that the union of two
topologies on a set may not be a topology.

12. Define interior and exterior points of a set in
a topological space.

IJ./ Find the condition that a function f from
topological spaces X to a topological space Y
is not continuous at a point x e X.

1A. Define homeomorphism of a function in
topological space.

15. Show that identity function is continuous.
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SECTION—B

\

Answer any five of the following questions :

Let X be a non-empty set. Show that the
function d: X x X = R is a metric on X if
and only if d satisfies the conditions—

16. (a)

() dxy=0ex=yVx yeX
(@) dxy<dx2+dy 2V x y ze X.

(b) 1f (X,d) be a metric space and A is a
subset of X, then show that A is the
smallest closed set containing A.

\/V//a)/ Let S(xo,r) be an open sphere in a

metric space (X,d). Prove that to each
pe S(xg, 1) there exists r’ >0 such that
S(p,r’) € S(xq, 7). '

(b) Let A be a subset of a metric space (X, d).
Prove that A = AU D(A).

18. (a) If x and y are two points of a metric
space (X,d) such that the  sequences
< Xx, >and <y, >in (X, d) converges to x
and y respectively, then prove that the
sequence <d(x,,y,)> converges to

d(x y).
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19. (aq)

(b)

(b)
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Let (X,d) and (Y, p) be metric Spaces,
Show that a function f: X =Y is

continuous if and only if for every
subset AC X, f(A)c:f(A)

Show that R (with the usual metric) is a
complete metric space. 5

Let (X, d) and (Y, p) be metric spaces and
f: X —>Y amapping. I f is continuous
at x € X, then show that for every open
set V c Y containing f(x), there exists an
open set Uc X containing x such that

fOcV.

Let N be the set of all natural numbers
and T the family of subsets of N
consisting ¢ and.the sets of the form

T, ={n,n+Ln+2,--},ne N

Prove that T is a topology for IN.

Let R be the set of all real numbers and
T the collection of all those subsets S of
R such that either S=¢or S # ¢ then for
each x € S there exists a right half open
interval H such that xe Hc S. Prove
that T is a topology for R. 5
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(s / Show that an arbitrary intersection of
closed subsets of a topological space is a
closed set.

\g)/ Define upper limit topology on R.
Establish that it is a topology. ’

) Show ‘that every metric space is a
topological space.

Show that the intersection of arbitrary
collection of topologies on a set is aJso a

topology.

(a) Let (X,7) be a topological space and
A c X. Show that int(A) is the largest
open subset of X containing A.

23.

(b) Let A and B be any two subsets of a
topological space. Prove that—
() Ac B= D(A)c DB);
(i) D(AuU B) = D(A)uU D(B)..

\?{ (@) Let X and Y be topological spaces. Show
that a function f: X —» Y is continuous

iff the inverse image under f of every
open set in Y is open in X.

: \Y»‘Wf\ )
ol
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(b) Let T; and T, denote the discrete ang
usual topology respectively on R. Show
that the function f:[R, ) — R, T,)

defined by
1 if xeOQ
f(x)={o if xeR-0Q
1S continuous. 5

25. (@) Prove that f:X—->Y is a home ‘.
morphism if and only if f is both
continuous and open. | | sl

(b) Prove that a constant function from dne |
topological space to another is
continuous. 5
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